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State Propagation
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Basic building block of more complex
algorithms

dX/dt
PROPAGATOR

RKF45
(mean, cov.)

X

X0

§ Several integration algorithms can be used: 
RK4, RKF45, Euler (pay attention to attitude)

§ Specify:
§ State vector X

(i.e. the parameters of interest)
§ State equations f()

(i.e. how the state vector evolves with time)



State Propagation With 
Uncertainty
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State vector modeled as Gaussian r.v.

M
ean

C
ovariance

X

§ State vector is composed by
§ Mean
§ Covariance matrix

(upper triangular part stacked by row)

§ Mean evolves according to state equations
§ Covariance propagates according to Ricatti 

equation

§ Specify:
§ A: jacobian of state eq. wrt to the state 

vector
§ B: jacobian of state eq. wrt to the noise

sources (e.g. inputs) 

ṁ = f(m,u)

Ṗx = AP + P AT +BQBT

A = rx f(m,u)

B = ru f(m,u)
<latexit sha1_base64="dWx4KwwCJiW9Rv0B5m+XE4HnpDY="></latexit>



Trajectory Reconstruction
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State model for the direct integration of 
inertial data

ATT

POS

VEL

Attitude
eq.

Velocity 
eq.

Position 
eq.

Gravity
model

dATT/dt

dVEL/dt

dPOS/dt

Trajectory

Mass

Geometric prop.

Ablation model

Ang

Acc

§ Specify:
§ Reference frames
§ Attitude parametrization

(quaternions are the default choice)
§ Gravity model
§ Probe mass/ablation models/other

geometric properties



Trajectory Reconstruction
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State model for the direct integration of inertial data

ATT

POS

VEL

Attitude
eq.

Velocity 
eq.

Position 
eq.

Gravity
model

dATT/dt

dVEL/dt

dPOS/dt

Trajectory

Mass

Geometric prop.

Ablation model

Ang

Acc

v̇ = ag + CT (q) aa
<latexit sha1_base64="LspPUxcSzhpcCkn38ir5JT1f/8w=">AAACD3icbVC7TgJBFJ31ifhCLWkmEhOMhuyqiTYmRBpLTERIADd3hytOmH04c9eEbCj8BL/CVis7Y+snWPgvLkih4KlOzrnP40VKGrLtT2tmdm5+YTGzlF1eWV1bz21sXpkw1gJrIlShbnhgUMkAayRJYSPSCL6nsO71KkO/fo/ayDC4pH6EbR+6gbyRAiiV3Fy+1QkpuR/wUw5ul+/xyvVl8W63tQ8uuLmCXbJH4NPEGZMCG6Pq5r7SaSL2MSChwJimY0fUTkCTFAoH2VZsMALRgy42UxqAj6adjJ4Y8J3YAIU8Qs2l4iMRf3ck4BvT97200ge6NZPeUPzPa8Z0c9JOZBDFhIEYLiKpcLTICC3TdJB3pEYiGF6OXAZcgAYi1JKDEKkYp3Fl0zycye+nydVByTksHVwcFcpn42QyLM+2WZE57JiV2TmrshoT7IE9sWf2Yj1ar9ab9f5TOmONe7bYH1gf37/NmsI=</latexit>

q̇ = K(q)w
<latexit sha1_base64="YnVK+m/e/KkqmS5zn/hCXIyoJgM=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GIIGE3CtoIQRvBJoJ5QLKE2clNHDL7yMzdSFjS+hW2WtmJrf9h4b+4u6bQ6KkO59zncUMpNFrWh5FbWFxaXsmvFtbWNza3zO2dhg4ixaHOAxmolss0SOFDHQVKaIUKmOdKaLrDy9RvjkFpEfi3OAnB8djAF33BGSZS1zQ7vQDj0ZSeX5dGh52j+65ZtMpWBvqX2DNSJDPUuuZnMoJHHvjIJdO6bVshOjFTKLiEaaETaQgZH7IBtBPqMw+0E2eXT+lBpBkGNARFhaSZCD87YuZpPfHcpNJjeKfnvVT8z2tH2D9zYuGHEYLP00UoJGSLNFciiQRoTyhAZOnlQIVPOVMMEZSgjPNEjJKMCkke9vz3f0mjUraPy5Wbk2L1YpZMnuyRfVIiNjklVXJFaqROOBmTR/JEno0H48V4Nd6+S3PGrGeX/ILx/gUfKpdJ</latexit>

ṗ = v
<latexit sha1_base64="xZfHCGgP0vo3pEz2NzgeGEFy4hQ=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRXZAggYpgoYySOQhkig6XzbhlPP5dLeOFFnhK2ihokO0/AsF/4JtXEDCVKOZHe3u+FoKi6776Swtr6yurRc2iptb2zu7pb39pg0jw6HBQxmats8sSKGggQIltLUBFvgSWv74OvVbEzBWhOoOpxp6ARspMRScYSLddwchxnpGLyf9UtmtuBnoIvFyUiY56v3SVxLmUQAKuWTWdjxXYy9mBgWXMCt2Iwua8TEbQSehigVge3F28YweR5ZhSDUYKiTNRPidiFlg7TTwk8mA4YOd91LxP68T4fCiFwulIwTF00UoJGSLLDciqQLoQBhAZOnlQIWinBmGCEZQxnkiRkk3xaQPb/77RdKsVrzTSvX2rFy7ypspkENyRE6IR85JjdyQOmkQThR5Is/kxXl0Xp035/1ndMnJMwfkD5yPbzMhlUU=</latexit>



Drag  Equation
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Links measured acceleration with 
atmospheric density

fD =
1

2
⇢ v2r CD SD

<latexit sha1_base64="WeqS0BL+XIJInihMQ8hKUmkpNOE="></latexit>

§ Atmospheric reconstruction is in any case 
based on the probe AEDB

§ Relative velocity vr is function of winds

§ Drag coeff. CD is a function of
§ Angle of attack
§ Mach/Knudsen numbers Density

VEL

Wind velocity

Atmosphere
velocity

SD

AEDB

Mach / Knudsen

AoA

- ^2 * *

CD

vr

fD



Atmospheric Profiles
Reconstruction
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Direct reconstruction

§ Assumptions:
§ A-priori atmospheric profiles used to 

initialize the algorithm (compute CA,0)
§ Zero winds
§ Hydrostatic equilibrium
§ Perfect gas law

§ Outer loop:
§ Update atmosphere wrt acceleration
§ Update acceleration (CA) wrt to 

atmosphere

§ Inner loop computes the pressure integrating
estimated density

⇢ =
2ma

v2r CD SD
<latexit sha1_base64="IooB6F97CGA939wNnIgpB8v6CEg=">AAACGnicbVC7TsNAEDyHd3gFKGlORCCKKLIDEjRICCgogyAPKQ7W+tjAKeeH7taRIit/wCfwFbRQ0SFaGgr+BSekAMJUszO72t3xYyUN2faHlZuanpmdm1/ILy4tr6wW1tbrJkq0wJqIVKSbPhhUMsQaSVLYjDVC4Cts+N3Tod/ooTYyCq+oH2M7gNtQdqQAyiSvsOPqu4gfcbejQaQVtxS4JRikPU9fZ8Wpd+aWLr2zgVco2mV7BD5JnDEpsjGqXuHTvYlEEmBIQoExLceOqZ2CJikUDvJuYjAG0YVbbGU0hABNOx39M+DbiQGKeIyaS8VHIv6cSCEwph/4WWcAdGf+ekPxP6+VUOewncowTghDMVxEUuFokRFaZkEhv5EaiWB4OXIZcgEaiFBLDkJkYpIll8/ycP5+P0nqlbKzV65c7BePT8bJzLNNtsV2mcMO2DE7Z1VWY4Lds0f2xJ6tB+vFerXevltz1nhmg/2C9f4FoqafjQ==</latexit>

dP

dh
= �⇢ g

<latexit sha1_base64="rHIwpKM1K2s70mTpmzM1GKg+Ojw=">AAACDHicbVDLSgNBEJyNrxhfUS+Cl8EgeNCwGwW9CEEvHiOYB2RD6J10kiGzD2Z6hbDET/ArvOrJm3j1Hzz4L25iDppYp6Kqm+4qL1LSkG1/WpmFxaXllexqbm19Y3Mrv71TM2GsBVZFqELd8MCgkgFWSZLCRqQRfE9h3Rtcj/36PWojw+COhhG2fOgFsisFUCq183tuV4NIOpVR0umP+CU/cXU/dI977XzBLtoT8HniTEmBTVFp57/cTihiHwMSCoxpOnZErQQ0SaFwlHNjgxGIAfSwmdIAfDStZJJgxA9jAxTyCDWXik9E/L2RgG/M0PfSSR+ob2a9sfif14ype9FKZBDFhIEYHyKpcHLICC3TapB3pEYiGH+OXAZcgAYi1JKDEKkYp13l0j6c2fTzpFYqOqfF0u1ZoXw1bSbL9tkBO2IOO2dldsMqrMoEe2BP7Jm9WI/Wq/Vmvf+MZqzpzi77A+vjG37omso=</latexit>

T =
P M

⇢ kB NA
<latexit sha1_base64="EYVSDkre+2bqnaBbIzyae/Y4eJM=">AAACFHicbVC7SgNBFJ31bXxFLW0Gg2ARwq4K2ggxNjZKhLwgG5a7400yZPbBzF1BlrR+gl9hq5Wd2Npb+C9uYgqNnupwzr3ce44fK2nItj+smdm5+YXFpeXcyura+kZ+c6thokQLrItIRbrlg0ElQ6yTJIWtWCMEvsKmPzgf+c1b1EZGYY3uYuwE0AtlVwqgTPLyvMZPudvVINKqW7wcpq7uR25x4FXc4pV3NuRevmCX7DH4X+JMSIFNUPXyn+5NJJIAQxIKjGk7dkydFDRJoXCYcxODMYgB9LCd0RACNJ10nGTI9xIDFPEYNZeKj0X8uZFCYMxd4GeTAVDfTHsj8T+vnVD3pJPKME4IQzE6RFLh+JARWmYVIb+RGolg9DlyGXIBGohQSw5CZGKSdZbL+nCm0/8ljYOSc1g6uD4qlCuTZpbYDttl+8xhx6zMLliV1Zlg9+yRPbFn68F6sV6tt+/RGWuys81+wXr/Ag6SnSE=</latexit>

VEL

POS
Gravity
model

Drag
eq.

Pressure 
eq.

Temperature
eq. Temperature

Pressure

Density

AoA AEDB Mach
Knudsen

CD,0
CD

Acc



Neptune Entry Simulation
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1D entry simulation with velocity/altitude/density/pressure similar to a Neptune mission
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Trajectory Reconstrution Example
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Direct reconstruction of entry trajectory
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Atmosphere Reconstruction Example
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Direct reconstruction of atmospheric profiles
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Augmented State Model
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Adding atmospheric parameters to state 

Pressure
eq.P

D

W

Density
eq.

Wind
eq.

dP/dt

dD/dt

dW/dt

Atmosphere

ATT

POS

VEL

Attitude
eq.

Velocity 
eq.

Position 
eq.

Gravity
model

dATT/dt

dVEL/dt

dPOS/dt

Trajectory

Mass

Geometric prop.

Ablation model

Ang

Acc

§ Density, pressure and (optionally) winds are 
added to the state vector

§ Specify changes wrt time:
§ Density state eq.
§ Pressure state eq.
§ Winds state eq. (optional)

§ Several design choices are possible!



Density, Pressure and Winds modeling
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⇢̇ = 0
<latexit sha1_base64="+VgeHmRikRqFiNe2RfoNrei2xkA=">AAACAHicbVC7SgNBFJ31GeMramkzGASrsBsFbYSgjWUE84AkhtnJTTJkdnaZuSuEJY1fYauVndj6Jxb+i7PrFpp4qsM593n8SAqDrvvpLC2vrK6tFzaKm1vbO7ulvf2mCWPNocFDGeq2zwxIoaCBAiW0Iw0s8CW0/Ml16rceQBsRqjucRtAL2EiJoeAMrXTfHYSYdPU4nNFL6vZLZbfiZqCLxMtJmeSo90tfdgCPA1DIJTOm47kR9hKmUXAJs2I3NhAxPmEj6FiqWACml2RXz+hxbBiGNAJNhaSZCL87EhYYMw18WxkwHJt5LxX/8zoxDi96iVBRjKB4ugiFhGyR4VrYOIAOhAZEll4OVCjKmWaIoAVlnFsxtvkUbR7e/PeLpFmteKeV6u1ZuXaVJ1Mgh+SInBCPnJMauSF10iCcaPJEnsmL8+i8Om/O+0/pkpP3HJA/cD6+AX/7lnw=</latexit>

ṗ = �g ⇢ v
<latexit sha1_base64="igmereuLreiIm+MEOFlTLjsSW1A=">AAACCXicbVC7SgNBFJ31GeNrVaxsBoNgEcNuFLQRgjaWEcwDskuYndwkQ2YfzNwNhCVf4FfYamUntn6Fhf/iZt1CE091OOc+jxdJodGyPo2l5ZXVtfXCRnFza3tn19zbb+owVhwaPJShantMgxQBNFCghHakgPmehJY3up35rTEoLcLgAScRuD4bBKIvOMNU6pqHTi/EJJrSa3o2cMqOGoZOedw1S1bFykAXiZ2TEslR75pf6Rwe+xAgl0zrjm1F6CZMoeASpkUn1hAxPmID6KQ0YD5oN8nOn9KTWDMMaQSKCkkzEX53JMzXeuJ7aaXPcKjnvZn4n9eJsX/lJiKIYoSAzxahkJAt0lyJNBegPaEAkc0uByoCypliiKAEZZynYpwGVUzzsOe/XyTNasU+r1TvL0q1mzyZAjkix+SU2OSS1MgdqZMG4SQhT+SZvBiPxqvxZrz/lC4Zec8B+QPj4xvN7plN</latexit>

ẇ = 0
<latexit sha1_base64="U2UEuyx3cUUFd98C6T+z6WIFycI=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwSBYhd0oaCMEbSwjmAdsljA7uYlDZh/M3FXCEvwKW63sxNZvsfBfnF230MRTHc65h3vv8WMpNNr2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0likObRzJSPZ9pkCKENgqU0IsVsMCX0PUnV5nfvQelRRTe4jQGL2DjUIwEZ2gktz+MMH2Y0QtqD6o1u27noIvEKUiNFGgNql8mzZMAQuSSae06doxeyhQKLmFW6ScaYsYnbAyuoSELQHtpfvKMHiWaYURjUFRImovwO5GyQOtp4JvJgOGdnvcy8T/PTXB07qUijBOEkGeLUEjIF2muhOkC6FAoQGTZ5UBFSDlTDBGUoIxzIyamnIrpw5n/fpF0GnXnpN64Oa01L4tmyuSAHJJj4pAz0iTXpEXahJOIPJFn8mI9Wq/Wm/X+M1qyisw++QPr4xsrfJUw</latexit>

⇢̇ = ↵⇢
<latexit sha1_base64="MyMBHL7c+JGxJCJcdA3yla8CckA=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwkLAbBW2EoI1lBPOAbAh3JzfJkNkHM3eFsAQ/wa+w1cpObP0GC//F3ZhCE0915pz7mHu8SElDtv1pLSwuLa+s5tby6xubW9uFnd26CWMtsCZCFeqmBwaVDLBGkhQ2I43gewob3vA68xv3qI0MgzsaRdj2oR/InhRAqdQp7LvdkBJXD8Ixv+QuqGgA7kn27hSKdsmegM8TZ0qKbIpqp/CVzhKxjwEJBca0HDuidgKapFA4zruxwQjEEPrYSmkAPpp2MjlhzI9iAxTyCDWXik9E/N2RgG/MyPfSSh9oYGa9TPzPa8XUu2gnMohiwkBki0gqnCwyQss0G+RdqZEIsp8jlwEXoIEIteQgRCrGaVj5NA9n9vp5Ui+XnNNS+fasWLmaJpNjB+yQHTOHnbMKu2FVVmOCPbAn9sxerEfr1Xqz3n9KF6xpzx77A+vjG6/Hm3o=</latexit>

ṗ = �g ⇢ v
<latexit sha1_base64="igmereuLreiIm+MEOFlTLjsSW1A=">AAACCXicbVC7SgNBFJ31GeNrVaxsBoNgEcNuFLQRgjaWEcwDskuYndwkQ2YfzNwNhCVf4FfYamUntn6Fhf/iZt1CE091OOc+jxdJodGyPo2l5ZXVtfXCRnFza3tn19zbb+owVhwaPJShantMgxQBNFCghHakgPmehJY3up35rTEoLcLgAScRuD4bBKIvOMNU6pqHTi/EJJrSa3o2cMqOGoZOedw1S1bFykAXiZ2TEslR75pf6Rwe+xAgl0zrjm1F6CZMoeASpkUn1hAxPmID6KQ0YD5oN8nOn9KTWDMMaQSKCkkzEX53JMzXeuJ7aaXPcKjnvZn4n9eJsX/lJiKIYoSAzxahkJAt0lyJNBegPaEAkc0uByoCypliiKAEZZynYpwGVUzzsOe/XyTNasU+r1TvL0q1mzyZAjkix+SU2OSS1MgdqZMG4SQhT+SZvBiPxqvxZrz/lC4Zec8B+QPj4xvN7plN</latexit>

ẇ = 0
<latexit sha1_base64="U2UEuyx3cUUFd98C6T+z6WIFycI=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwSBYhd0oaCMEbSwjmAdsljA7uYlDZh/M3FXCEvwKW63sxNZvsfBfnF230MRTHc65h3vv8WMpNNr2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0likObRzJSPZ9pkCKENgqU0IsVsMCX0PUnV5nfvQelRRTe4jQGL2DjUIwEZ2gktz+MMH2Y0QtqD6o1u27noIvEKUiNFGgNql8mzZMAQuSSae06doxeyhQKLmFW6ScaYsYnbAyuoSELQHtpfvKMHiWaYURjUFRImovwO5GyQOtp4JvJgOGdnvcy8T/PTXB07qUijBOEkGeLUEjIF2muhOkC6FAoQGTZ5UBFSDlTDBGUoIxzIyamnIrpw5n/fpF0GnXnpN64Oa01L4tmyuSAHJJj4pAz0iTXpEXahJOIPJFn8mI9Wq/Wm/X+M1qyisw++QPr4xsrfJUw</latexit>

⇢̇ =
µ ⇢2 v

r2 p
<latexit sha1_base64="g0QikzzbpzmINdK1CP/MO1gO8Xc=">AAACHnicbVC7SgNBFJ2NrxhfUUubwSCIhLAbBW2EoI1lBPOAbAx3Jzc6ZPbBzF1Blv0HP8GvsNXKTmy18F/cjSl8nWYO59zH3ONFShqy7XerMDM7N79QXCwtLa+srpXXN9omjLXAlghVqLseGFQywBZJUtiNNILvKex449Pc79ygNjIMLug2wr4PV4EcSQGUSYPynjsMKXH1dZjyY+6ONIjE9WO3mkuXdbd6kyY6f6N0UK7YNXsC/pc4U1JhUzQH5Y9suIh9DEgoMKbn2BH1E9AkhcK05MYGIxBjuMJeRgPw0fSTyU0p34kNUMgj1FwqPhHxe0cCvjG3vpdV+kDX5reXi/95vZhGR/1EBlFMGIh8EUmFk0VGaJmFhXwoNRJB/nPkMuACNBChlhyEyMQ4S6+U5eH8vv4vaddrzn6tfn5QaZxMkymyLbbNdpnDDlmDnbEmazHB7tgDe2RP1r31bL1Yr1+lBWvas8l+wHr7BM2TonA=</latexit>

ṗ =
µ ⇢ v

r2
<latexit sha1_base64="7KMRYpQz/dl44jj3ZpUXTIWC84w=">AAACFnicbVC7SgNBFJ31GeMramkzJAgWEnajoI0QtLGMYB6QjeHueJMMzj6YuRsIy/Z+gl9hq5Wd2Npa+C9uYgpNPNXhnPs8XqSkIdv+tBYWl5ZXVnNr+fWNza3tws5uw4SxFlgXoQp1ywODSgZYJ0kKW5FG8D2FTe/+cuw3h6iNDIMbGkXY8aEfyJ4UQJnULRTdu5CSKOXn3O1pEInrx+6RqwehezRME31bSbuFkl22J+DzxJmSEpui1i18ZUNF7GNAQoExbceOqJOAJikUpnk3NhiBuIc+tjMagI+mk0x+SflBbIBCHqHmUvGJiL87EvCNGfleVukDDcysNxb/89ox9c46iQyimDAQ40UkFU4WGaFlFhLyO6mRCMaXI5cBF6CBCLXkIEQmxllq+SwPZ/b7edKolJ3jcuX6pFS9mCaTY/usyA6Zw05ZlV2xGqszwR7YE3tmL9aj9Wq9We8/pQvWtGeP/YH18Q3sf59j</latexit>

ẇ = 0
<latexit sha1_base64="U2UEuyx3cUUFd98C6T+z6WIFycI=">AAAB/XicbVC7SgNBFJ2NrxhfUUubwSBYhd0oaCMEbSwjmAdsljA7uYlDZh/M3FXCEvwKW63sxNZvsfBfnF230MRTHc65h3vv8WMpNNr2p1VaWl5ZXSuvVzY2t7Z3qrt7HR0likObRzJSPZ9pkCKENgqU0IsVsMCX0PUnV5nfvQelRRTe4jQGL2DjUIwEZ2gktz+MMH2Y0QtqD6o1u27noIvEKUiNFGgNql8mzZMAQuSSae06doxeyhQKLmFW6ScaYsYnbAyuoSELQHtpfvKMHiWaYURjUFRImovwO5GyQOtp4JvJgOGdnvcy8T/PTXB07qUijBOEkGeLUEjIF2muhOkC6FAoQGTZ5UBFSDlTDBGUoIxzIyamnIrpw5n/fpF0GnXnpN64Oa01L4tmyuSAHJJj4pAz0iTXpEXahJOIPJFn8mI9Wq/Wm/X+M1qyisw++QPr4xsrfJUw</latexit>

§ No constraints on density
§ Hydrostatic eq. used for pressure
§ No constraints on winds

(winds estimation very poor, possible
numerical issues)

§ Smoothness constraint on density
(depending on alpha)

§ Hydrostatic eq. used for pressure
§ No constraints on winds

(winds estimation very poor, possible
numerical issues)

§ Density and pressure both
constrained by 
- hydrostatic eq.
- ideal gas law 

§ No constraints on winds

BA C



Bayesian Data Assimilation
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Update the state vector using the available
measurements

§ Several different sensors can be used to 
update the state

§ For each sensor specify:
§ Sensor model function h()
§ The Jacobian matrix H() 

§ The innovation, i.e. the error between
predicted measurements and the actual
values used to check the results
(it should be white noise)

AUGMENTED 
STATE
MODEL

ACC
MEASUREMENT

MODEL

UPDATE

PROPAGATOR

RKF45
(mean, cov.)

X

X0

dX/dt
X_Pred

X_Updt
-

Y_Err

OTHER
MEASUREMENT

MODEL

-Other

Measurements

Y_Err

State Prediction

Measures Prediction

State Update

Ang

Acc



State Update, Filtering, Smoothing

07/07/19 IPPW 2019 – Oxford UK 14

vn = yn � h(m�
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Y0 Y1 … Yn Yn+1 Yn+2 …

X0 X1 … Xn Xn+1 Xn+2 …

Y0 Y1 … Yn Yn+1 Yn+2 …

XnX0 X1 … Xn+1 Xn+2 …

Filtering Smoothing
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⇥
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Model C Trajectory
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Model C Atmospheric Profiles
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Innovation Checking
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Innovation should be white noise, meaning
that all the information in the measurement
has been processed

In the ’real world’ innovation is not exactly
white

It is usefull tool because it provides
§ evidence of unmodelled effects
§ the need of more accurate ‘tuning’ 

of the algorithm (noise PSD)



Conclusions
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§ Start from direct integration methods
§ Then move to more complex algorithms

§ Requiring implementation effort
§ And parameter tuning
§ EKF could provide good solutions

(it is the base for more advanced estimators)
§ Include sensors step by step

§ Check how the results changes/improves
§ Check innovation

Keep it simple

Focus on modelling and be aware of 
assumptions!


